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Target
To present the nonholonomic Eden bracket for a constrained
contact Hamiltonian system.

To illustrate how it can be applied to compute the evolution
of an observable.
To apply it to a particular class of observables; those that satisfy
the mechanical condition.
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Eden bracket

Ingredients «constrained contact Hamiltonian
system»

Configuration manifold:
(
T∗Q × R, ηQ = dz − θQ

)
, where θQ

is the canonical Liouville form on T∗Q × R.
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Eden bracket

Ingredients «constrained contact Hamiltonian
system»

A Riemannian metric g on Q and, the Lagrangian given by

L
(
vq, z

)
= T

(
vq
)
− V (q, z) , ∀

(
vq, z

)
∈ TqQ × R.

Here, T
(
vq
)
= 1

2 g
(
vq, vq

)
represent the kinetic energy, and V

is the potential energy.
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Eden bracket

Ingredients «constrained contact Hamiltonian
system»

The Legendre transformation FL : TQ × R → T∗Q × R.
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Eden bracket

Ingredients «constrained contact Hamiltonian
system»

Hamiltonian function: H = EL ◦ FL−1 : T∗Q × R → R.
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Eden bracket

Ingredients «constrained contact Hamiltonian
system»

Linear kinematic constraints (on the velocities): Regular
distribution D on Q.

D = {v ∈ TQ | Φa (v) = 0} . (1)
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Eden bracket

Ingredients «constrained contact Hamiltonian
system»

Constrained submanifold: M× R = FL(D × R).
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Eden bracket

Ingredients «constrained contact Hamiltonian
system»

Reaction forces: Regular distribution Dl on P, s.t.,

Dl◦ =
(
πQ,R

)∗
♭g (M◦) ,

where ♭g is the musical isomorphism associated to g and
πQ,R : T∗Q × R → Q is the natural projection..
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Eden bracket

Constrained Hamiltonian Herglotz equations

dqi

dt = ∂H
∂pi

dpi
dt = − ∂H

∂qi − pi
∂H
∂z − λaΦa

i
dz
dt = pi

∂H
∂pi

− H

Φa (♭g
(
ξ̇
))

= 0, ∀a

(2)

where D◦ is (locally) generated by the basis of 1−forms
Φa = Φa

i dqi.
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Eden bracket

Theorem

Let be a Hamiltonian function H : T∗Q × R → R, and a constraint
manifold M ⊆ T∗Q as above. Let X be a vector field on T∗Q × R

satisfying the equations♭Q (X)− dH +
(

H +RQ (H)
)

ηQ ∈
(
Dl

)◦

X|M×R ∈ X (M× R) .
(3)

Then, the integral curves ξ of X are solutions of the constrained
Hamiltonian Herglotz equations.

In this case, the solution of Eq. (3) is called constrained Hamiltonian
vector field , and will be denoted by XH,M.
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Nonholonomic Eden bracket

Nonholonomic Eden bracket
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Nonholonomic Eden bracket

TQ = D ⊕D⊥g

Then, by applying ♭g, we have that

T∗Q = M⊕D◦

In particular,
T∗Q × R = (M× R)⊕D◦

Let us consider the projection γ : T∗Q × R → M× R. Then, it
turns natural to define the following bracket of functions,

{ f , g}E = { f ◦ γ, g ◦ γ}|M×R (4)

for all f , g ∈ C∞ (M× R). This bracket will be called contact
Eden bracket following the spirit of the articles of Eden.
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Nonholonomic Eden bracket

Denote by XH to the Hamiltonian vector field associated to the
unconstrained Hamiltonian system

(
T∗Q × R, ηQ, H

)
.

Theorem

Tγ
(

XH |M×R

)
= XH,M = Tγ

(
XH◦γ|M×R

)
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Nonholonomic Eden bracket

Theorem
The contact Eden bracket {·, ·}E and the usual nonholonomic
bracket {·, ·}H,M coincide, namely

{ f , g}E = { f ◦ γ, g ◦ γ}|M×R
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Nonholonomic Eden bracket

Proposition
The contact Eden bracket {·, ·}E satisfies the following properties:

i) Let f be a function on M× R. Then,

XH,M( f ) = XH( f ◦ γ)

ii) For any function f on M× R, we have that,

{H, f }E = {H, f ◦ γ}.
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Nonholonomic Eden bracket

Mechanical condition
A smooth function f on T∗Q × R satisfies the mechanical condition,
if,

d f|M×R ∈ ⊥
Dl

◦
.

Thus, we denote the vector subspace of observables satisfying the
mentioned mechanical condition by C∞

Mec (T
∗Q × R)
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Nonholonomic Eden bracket

Theorem
For any two functions f , g ∈ C∞

Mec (T
∗Q × R), we have that,

i) XH,M( f ) = XH ( f )
ii) { f , g}E = { f , g}

In other words, the dynamic and the evolution of the
observables in C∞

Mec (T
∗Q × R) are unconstrained.
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Nonholonomic Eden bracket

FUTURE WORKS

To study in detail the class of observables whose dynamics are
unconstrained.

To apply these results to compute the evolution of a particular
observable in a specific example.

To construct some kind of reduction of the system by the
observables whose dynamics are unconstrained.

To investigate the “differential space” underlying the space of
observables whose dynamics are unconstrained.

To extrapolate the result to other kind of geometries:
symplectic, multisymplectic, etc...
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Nonholonomic Eden bracket

THANKS!
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Nonholonomic Eden bracket
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